We study the structural stability of shock waves and current-vortex sheets in shallow water magnetohydrodynamics (SMHD) in the sense of the local-in-time existence and uniqueness of discontinuous solutions satisfying corresponding jump conditions. The equations of SMHD form a symmetric hyperbolic system which is formally analogous to the system of 2D compressible elastodynamics for particular nonphysical deformations. Using this analogy and the recent results in [25] for shock waves in 2D compressible elastodynamics, we prove that shock waves in SMHD are structurally stable if and only if the fluid height increases across the shock front. For current-vortex sheets the fluid height is continuous whereas the tangential components of the velocity and the magnetic field may have a jump. Applying a so-called secondary symmetrization of the symmetric system of SMHD equations, we find a condition sufficient for the structural stability of current-vortex sheets.
Introduction
The equations of shallow water magnetohydrodynamics (SMHD) were proposed by Gilman [10] for studying the global dynamics of the solar tachocline which is a thing transition layer between the Sun's radiative interior and the differentially rotating outer convective zone. The SMHD equations are derived in [10] from the equations of ideal incompressible magnetohydrodynamics (MHD) under the influence of gravity by depth averaging and assuming that the pressure is hydrostatic and the depth of the layer of a perfectly conducting fluid is small enough. The SMHD system is important not only for astrophysical applications like the solar tachocline (see, e.g., [8, 10, 32] ) but may also be used for modelling conducting shallow water fluids in laboratory and industrial environments (further references about applications of SMHD can be found, for example, in [15] ).
The equations of SMHD [10] read:
where h is the height of a conducting fluid, v = (v 1 , v 2 ) ∈ R 2 is the fluid velocity, B = (B 1 , B 2 ) ∈ R 2 is the magnetic field, the constant g > 0 is the gravitational acceleration, d/dt = ∂ t + (v · ∇)
is the material derivative, ∂ t = ∂/∂t is the time derivative, ∇ = (∂ 1 , ∂ 2 ), ∂ i = ∂/∂x i (i = 1, 2), x = (x 1 , x 2 ), and x 1 and x 2 are spatial coordinates.
System (1)-(3) is a closed system for the unknown U = U (t, x) = (h, v, B) ∈ R 5 and can be written as the following quasilinear system:
where A 0 = block diag (g/h, I 4 ), 
holds.
We do not include the equation div(hB) = 0 (6) into the full set (1)-(3) of the SMHD equations because (6) is just a divergence constraint on the initial data U (0, x) = U 0 (x). Indeed, from (1) and (3) we deduce ∂ t (hB) + ∇ × (hB × v) + div(hB) v = 0 (7) that implies the linear equation dr/dt + (div v) r = 0 for r = div(hB). It follows from this equation that if (6) is satisfied initially, then it holds for all t > 0.
Using (6) and (7), we rewrite the SMHD equations (1)-(3) as the following system of conservation laws [9] :
For system (8) , equation (6) is again a constraint on the initial data. Using (6) , we can derive from (8) equations (1)-(3), i.e., systems (1)- (3) and (8) are equivalent on smooth solutions (in fact, the same can be proved for piecewise smooth solutions with a regular discontinuity, e.g., a shock wave). In the next section we will write down the Rankine-Hugoniot jump conditions for the conservation laws (8) which should hold at each point of a regular strong discontinuity.
Some mathematical aspects for the hyperbolic system of SMHD like characteristics, Riemann invariants, simple wave solutions were studied by De Sterck [9] . He has also classified discontinuous solutions satisfying the Rankine-Hugoniot relations and discussed the Lax conditions for shock waves. The Riemann problem for the SMHD system was studied by Zaqarashvili et. al. [32] . We should also mention many studies of the stability of stationary solutions of the SMHD equations (see [20] and references therein).
As is known, strong discontinuities (e.g., shock waves) formally introduced for a system of hyperbolic conservation laws do not necessarily exist (at least, locally in time) as piecewise smooth solutions for the full range of admissible initial flow parameters. According to our knowledge, there were no studies of the local-in-time existence and uniqueness (structural stability) of discontinuous solutions of the SMHD system satisfying the corresponding Rankine-Hugoniot jump conditions. This is the main goal of the present paper.
Using a formal mathematical analogy between SMHD and 2D compressible elastodynamics [7, 11, 14] (see Section 3) as well as the recent results in [25] for shock waves in elastodynamics, we obtain a relatively instant result about the structural stability of SMHD shock waves under the fluid height increase assumption (see Section 4) . We also consider current-vortex sheets in SMHD (see the next section). For them a crucial idea is the usage of a so-called secondary symmetrization proposed first in [28] for the system of ideal compressible MHD in the context of the study of the structural stability of classical current-vortex sheets. This enables us to find a condition sufficient for the structural stability of SMHD current-vortex sheets (see (47) in Section 5). In the end of the paper, we also briefly discuss a possibility to find a necessary and sufficient structural stability condition for SMHD current-vortex sheets by using the recent results [5, 6, 12] for compressible vortex sheets in 2D elastodynamics.
2 Statement of the free boundary problems for shock waves and current-vortex sheets Let Γ(t) = {x 1 = ϕ(t, x 2 )} be a curve of strong discontinuity for system (8) , i.e., we are interested in solutions of (8) that are smooth on either side of Γ(t). As is known, to be weak solutions such piecewise smooth solutions should satisfy corresponding Rankine-Hugoniot jump conditions at each point of Γ(t). For the conservation laws (8) these jump conditions can be written in the following form:
where
Moreover, we have the condition [hB N ] = 0 coming from constraint (6) . On the other hand, the first condition in (10) is rewritten as ∂ t ϕ[hB N ] = 0. That is, this condition is implied by [hB N ] = 0 and can be thus excluded from (9), (10) . Taking this and (5) into account, we finally have the following system of jump conditions:
where m := m ± | Γ , b := h ± B ± N | Γ and h = (h + + h − )| Γ . The jump conditions (11), (12) were written down in [9] for a stationary discontinuity (with ϕ = 0).
Mathematically, all the regular strong discontinuities (satisfying the Rankine-Hugoniot conditions) are classified into two main types: shock waves and characteristic discontinuities. For shock waves, Γ(t) should be not a characteristic of our quasilinear hyperbolic system. The curve Γ(t) is a characteristic of system (4) if det A 1 | Γ = 0, where A 1 is the so-called boundary matrix:
We easily calculate that
Let [h] = 0. Then, it follows from (14) and the last condition in (11) that 
The free boundary problem for shock waves is the problem for the systems
cf. (4), with the boundary conditions (15) on Γ(t) and the initial
Moreover, as for the Cauchy problem, the divergence constraint (6) is preserved by problem (6),
for all t ∈ [0, T ].
Proof. Since m = 0, without loss of generality we may suppose that v ± N | Γ > ∂ t ϕ. It follows from (7) that
Using then (19) and v ± N | Γ > ∂ t ϕ and following literally the arguments from [22] towards the proof of the divergence constraint div H = 0 for the magnetic field H on both side of the shock front in full MHD, we get constraints (18) for all t ∈ [0, T ].
We now consider a characteristic discontinuity for which m = b = 0, i.e., ∂ t ϕ = v ± N | Γ and B ± N | Γ = 0. Then, the last condition in (11) implies [h] = 0 whereas from (12) we see that v τ and B τ may have an arbitrary jump. This type of a characteristic discontinuity is a counterpart of tangential discontinuities (or current-vortex sheets) in full MHD [2, 17, 28, 30] . By analogy with full MHD we will call such a discontinuity current-vortex sheet. We thus have the following boundary conditions on a curve of a current-vortex sheet:
The free boundary problem for current-vortex sheets is the problem for systems (16) with the boundary conditions (20) and the initial data (17) . We do not include the conditions
into the boundary conditions (20) because, as for current-vortex sheets in full MHD [30] , they are just constraints on the initial data (17) . The same is true for the divergence constraint (6) which is also preserved by problem (16), (17), (20) .
Then, if the initial data (17) satisfy (18) and (21) for t = 0, then (18) and (21) hold
The proof of Proposition 2.2 is totally analogous to the proof in [30] of corresponding divergence and boundary constraints for classical current-vortex sheets. To be exact, the proof in [30] was done in the terms of "straightened" variables, i.e., for a reduced problem in a fixed domain, but it clear that the assertion in [30] can be reformulated for the original free boundary problem.
In this paper, we are interested in shock waves and current-vortex sheets. Therefore, we just briefly discuss another possible discontinuous solutions. The case m = 0, b = 0 could be a counterpart of contact discontinuities in full MHD [2, 17, 24] . However, for this case the boundary
the flow is continuous. The remaining case for which we can have a characteristic discontinuity in SMHD is the case m = 0, m 2 = b 2 . Let, without loss of generality, m = b. Then, (11) , (12) imply
This type of characteristic discontinuity was called in [9] Alfvén discontinuity. It is indeed a counterpart of classical Alfvén discontinuities in full MHD [2, 17, 13] because it propagates with the Alfvén velocity c aN = B ± N (in the normal direction).
Formal analogy between SMHD and 2D compressible elastodynamics
By introducing the function p = p(h) = (g/2)h 2 , we rewrite the SMHD system (1)-(3) as follows:
where c = p ′ (h) = √ gh is the gravity wave speed (we will below assume that (5) holds by default). We again have a symmetric hyperbolic system because equations (22) are recast in
We now consider the equations of elastodynamics [7, 11, 14] governing the motion of compressible isentropic inviscid elastic materials. For 2D flows, it is written as the following quasilinear symmetric system [5, 6, 25] :
where ρ is the density, v ∈ R 2 is the velocity, F 1 = (F 11 , F 21 ) and F 2 = (F 12 , F 22 ) are the columns of the deformation gradient F ∈ M(2, 2), the pressure p = p(ρ) is a smooth function of ρ and
is the square of the sound speed. The corresponding symmetric matrices can be easily written down (see [25] ). The symmetric system (25) 
is hyperbolic under the natural conditions ρ > 0 and p ′ (ρ) > 0. Moreover, the divergence constraints div (ρF j ) = 0 (j = 1, 2) hold at any time if they are satisfied initially.
We now can see a formal (mathematical) analogy between systems (22) and (25) . Indeed, let us consider the equation of state p = Aρ 2 (A > 0) of a polytropic elastic medium with the adiabatic index γ = 2. Then, assuming that F 2 ≡ 0, dropping the last vector equation (for j = 2) in (25) and using the formal notations ρ := h, F 1 := B and A := g/2, we get system (22) .
Clearly, the assumption F 2 ≡ 0 contradicting the physical requirement det F > 0 is nonphysical but we do not need to care about a physical sense of our formal analogy between SMHD and 2D compressible elastodynamics. Actually, if for system (25) we take initial data with F 2 | t=0 = 0, then we obtain F 2 = 0 for all t > 0.
After rewriting equations (25) in the form of a system of conservation laws we can obtain for it jump conditions [5, 25] which for the case of shock waves read [25] :
For the equation of state p = Aρ 2 , setting F 2 ≡ 0, ρ := h, F 1 := B and A := g/2, we get the jump conditions (15).
Structural stability of SMHD shock waves
We can reduce the free boundary problem (15)-(17) (with U and the matrices given by (23), (24) ) to that in the fixed domains R 2 ± = {±x 1 > 0, x 2 ∈ R} by the simple change of variables
. Dropping primes, from systems (16) we obtain
whereÃ 1 was defined in (13) . The boundary conditions for (26) are (15) on the line x 1 = 0.
It is well-known that the necessary condition for the structural stability of shock waves is the fulfilment of the Lax k-shock conditions [18] 
for some fixed integer k, where for our case of system of five equations 1 ≤ k ≤ 5 and λ ± j (j = 1, 5) are the eigenvalues of the matrices A ± N :
Moreover, λ ± j are numbered as
and we take λ − 0 := −2|∂ t ϕ| and λ 
By direct calculation we find the eigenvalues λ ± j (cf. [9] ):
and we assume for definiteness that B ± N | x 1 =0 ≥ 0 and v ± N | x 1 =0 > ∂ t ϕ (i.e., m > 0 and b > 0). Then, k-shocks with k ≥ 3 are not realizable. By virtue of the first two boundary conditions in (15) , the inequalities λ − 2 > ∂ t ϕ and λ + 2 < ∂ t ϕ appearing for k = 2 contradict each other. That is, as in gas dynamics (as well as in elastodynamics [25] ), only 1-shocks are possible:
We note that 1-shocks are extreme shocks in the sense that ahead of the shock there are no waves outgoing from the shock (λ − j > ∂ t ϕ for all j = 1, 5). We see that the Lax conditions (27) guarantee the fulfilment of the shock wave assumptions m = 0 and m 2 = b 2 . Moreover, multiplying the first and third inequalities by h − |x 1 =0 and h + |x 1 =0 respectively and taking into account the first two boundary conditions in (15), we get necessary for the structural stability of shock waves, we conclude that the fluid height increases across the front of a structurally stable shock.
The Lax shock conditions is a 1D criterium whose fulfilment is necessary for multidimensional structural stability, but they are, in general, not sufficient for the local-in-time existence of corresponding shock front solutions. However, for SMHD shock waves we can show that the requirement [h] > 0 being satisfied at each point of the initial shock front is also sufficient for structural stability (by default we, of course, assume that the initial data satisfy corresponding regularity conditions, compatibility conditions, etc.). As is known [2, 19, 21, 22] , the most important (and, in some sense, sufficient) step towards the proof of structural stability is the proof of uniform stability of corresponding planar (rectilinear for the 2D case) shock waves.
Uniform stability means the fulfilment of the uniform Kreiss-Lopatinski condition [16, 19, 21] by the linearized constant coefficient problem associated with a planar (or rectilinear for the 2D case) shock wave.
Since the SMHD equations are Galileo invariant, without loss of generality we can consider the unperturbed rectilinear shock wave with the equation x 1 = 0. We consider a constant solution (U + , U − , ϕ) = ( U + , U − ,φ) of systems (26) and the boundary conditions (15) associated with this shock wave:
Here and below all the hat values are given constants. In view of the third condition in (15) , v + 2 =v − 2 and we can choose a reference frame in whichv + 2 =v − 2 = 0. The rest constants satisfy the relationsĥ
following from (15) . We assume thatv ± 1 > 0 and B ± 1 > 0. The fluid height increase assumption h + >ĥ − guarantees that the Lax conditions (27) hold for the constant solution:
where M =v + 1 /ĉ + is the downstream Froude number (here we mimic the notations from [25] where M denotes the Mach number), M 1 = B + 1 /ĉ + and M * = 1 + M 2 1 . Linearizing problem (26), (15) (at x 1 = 0), (17) about the described constant solution, we get a linear constant coefficient problem for the perturbations δU ± and δϕ. Since our shock waves are extreme shocks, all the characteristics of the linear system in R 2 − for the perturbation δU − ahead of the shock are incoming in the shock, i.e., this linear system does not need any boundary conditions. As is known, without loss of generality we may then assume that δU − = 0.
Behind of the shock we obtain the linear constant coefficients system
for the perturbation δU + = (δp + , δv + , δB + ), where δv + = (δv + 1 , δv + 2 ), etc. As in [25] , it is convenient to reduce (30) to a dimensionless form by introducing the following scaled values:
where l is a typical length (recall thatv + 1 > 0). The reduction to a dimensionless form is the same as in [25] if we formally setĥ + =ρ + , δB + = δF 1 (see (25) ), etc. After dropping the primes and taking into account thatv + 2 = 0, system (30) is rewritten as the following linear system for the scaled perturbation U = (p, v, B) (with v = (v 1 , v 2 ) and B = (B 1 , B 2 ) ) behind of the shock wave:
where L = ∂ t +∂ 1 , B = (M 1 , M 2 ) and M 2 = B + 2 /ĉ + . If in the corresponding linear system behind of the shock wave in 2D elastodynamics [25] we formally set F 2 = F 2 = 0, where F 2 = F + 2 /ĉ + (see [25] ), and then drop the last "0 = 0" vector equation (for F 2 ), then we get our system (31) .
Taking into account (28) , δU − = 0 and omitting technical calculations, we get the following linearized boundary conditions for system (31) written in a dimensionless form (in fact, we can avoid technical calculations if in the corresponding boundary conditions in [25] we just set
Here we again mimic all the notations from [25] . In view of our fluid height increase assumption, we have R > 1. Our constant coefficients linearized problem is thus (31), (32) with the initial data U (0, x) = U 0 (x), x ∈ R 2 , ϕ(0, x 2 ) = ϕ 0 (x 2 ), x 2 ∈ R.
(33)
As in [25] , we can show that the linearized version of a nonlinear divergence constraint is just a restriction on the initial data. In our case, the linearization of (18) written a dimensionless form is
If the initial data (33) satisfy (34), then (34) holds for all t ∈ [0, T ].
By adapting the energy method proposed by Blokhin [1] (see also [2] ) for gas dynamical shock waves, it was proved in [25] that all compressive shock waves in 2D elastodynamics are uniformly stable for convex equations of state. We could literally follow arguments in [25] (technical calculations for SMHD shock are even much simpler as in elastodynamics), but, in fact, we do not need to do this because all the arguments in [25] stay valid for the nonphysical case when det F + = 0 for the unperturbed deformation gradient F + behind of the shock. In particular, we can set F + 2 = 0. Then, for the initial data with F 2 | t=0 = 0, where F 2 is the perturbation of the second column of the deformation gradient, we get F 2 = 0 for all t > 0.
Since the function p = p(h) = (g/2)h 2 in (22) is convex, after that we can just translate the results in [25] to our problem (31)-(33) and conclude that all the rectilinear SMHD shock waves with [ĥ] > 0 are uniformly stable.
Moreover, the condition [ĥ] > 0 being equivalent to the Lax condition is necessary and sufficient for uniform stability and, referring to [25] , we obtain the a priori estimate
for problem (31)-(33) with a given source term f (t, x) ∈ R 5 in the right-hand side of the interior equations (31) and a given source term g(t, x 2 ) ∈ R 5 in the right-hand side of the boundary conditions (32) . We refer the reader to [25] for the whole details of deriving estimate (35). Here we just note that the energy method proposed in [1] and adapted in [25] for shock waves in elastodynamics is based on the usage of a symmetrization of the wave equation for p. For our problem, using the boundary constraint (34), from system (31) we easily derive the hyperbolic equation M 2 L 2 − ∆ − (B · ∇) 2 p = 0 for x ∈ R + 2 whose canonical form is the wave equation. The crucial point is that, unlike full MHD [2] , we can obtain a separate equation for p.
Since the priori estimate (35) is derived in [25] by the construction of a so-called strictly dissipative 2-symmetrizer [29] , referring to [29] , we get the structural (nonlinear) stability of SMHD shock waves for which the fluid height increase condition [h] > 0 holds at each point of the initial shock front.
Structural stability of current-vortex sheets in a shallow layer of a conducting fluid
We now consider the free boundary problem (16) , (17) , (20) for current-vortex sheets in SMHD.
For current-vortex sheets in ideal compressible MHD the crucial idea was the secondary symmetrization of the MHD system proposed in [28] . The usage of this symmetrization gives a condition sufficient for the neutral stability of a planar current-vortex sheet, i.e., a condition sufficient for the fulfillment of the Kreiss-Lopatinski condition for the constant coefficients linearized problem. Having in hand this condition and assuming that it holds at each point of the initial current-vortex sheet, the local-in-time existence and uniqueness theorem for the nonlinear problem was independently proved in [3, 4] and [30] .
A secondary symmetrization of the quasilinear symmetric system (1)-(3)/(4) can be found in a much easier way than for full MHD. Indeed, let λ = λ(U ) be an arbitrary function of the unknown U . From system (1)-(3) we easily deduce the equations
which can be written as the following symmetric system:
System (39) is hyperbolic (B 0 > 0) under the natural physical restriction (5) and the condition
Equations (37) The linearized constant coefficient problem associated with a rectilinear current-vortex sheet
x 1 = 0 reads:
where U ± = (ĥ, 0,v ± 2 , 0,B ± 2 ),φ = 0 is a constant solution of (16) , (20) , (21) whereas U ± = (h ± , v ± , B ± ) and ϕ denote perturbations. The boundary conditions (42) are the linearization of (20) about this constant solution. Moreover, the conditions
being the linearizations of (21) are boundary constraints on the initial data (43).
For systems (41) we obtain the energy identity
and, in view of (42) and (44), we have
withλ ± = λ( U ± ). Assuming that B + 2 = 0 or B − 2 = 0 and choosing suchλ ± that [v 2 −λ B 2 ] = 0, we come to I(t) = I(0). Under the hyperbolicity condition (40) satisfied forλ ± , we then deduce an L 2 a priori estimate for the perturbations U ± (see [28] ). We can also derive a priori estimates for U ± and ϕ with loss of derivatives from the source terms introduced in the right-hand sides of (41) and (42) as well as analogous a priori estimates for the case of variable coefficients (see [28, 30] ).
For writing down an exact form of a condition sufficient for the linear (neutral) stability of a rectilinear current-vortex sheet we have to analyze the requirements
(for B + 2 = 0 or B − 2 = 0) coming from [v 2 −λ B 2 ] = 0 and (40). The widest range of the parametersv ± 2 and B ± 2 is achieved for such a choice ofλ ± that |λ
. Then, the inequalities in (45) give us the desired sufficient stability condition
The rest arguments are the same as in [30] and we conclude the structural stability of current-vortex sheets provided that the sufficient stability condition (cf. (46))       
holds for the initial data (17) with some fixed constant ε (of course, we should also assume that the initial data satisfy the hyperbolicity condition (5) as well as appropriate regularity and compatibility conditions, see [30] ). In spite of the fact that the first inequality in (47) implies |B + 2 | Γ + |B − 2 | Γ = 0, we should additionally assume that either B + 2 or B − 2 does not vanish at each point of Γ. This assumption is necessary for resolving (20) , (21) for (∂ t ϕ, ∂ 2 ϕ) in the same way at each point of Γ and applying the arguments from [28, 30] .
In principle, for finding a condition which is not only sufficient but also necessary for structural stability we can again use the formal analogy between SMHD and 2D compressible elastodynamics. To this end one needs to revisit the study in [5, 6, 12] for compressible vortex sheets in 2D elastodynamics for adapting it for SMHD current-vortex sheets. The nonlinear existence theorem for vortex sheets was proved in [12] for a finite (not necessarily short) time but under the condition that the initial discontinuity is close to a linearly stable rectilinear discontinuity.
In fact, the assumption that the initial data are close to a piecewise constant solution could be removed provided that the time of existence is sufficiently short.
We now just translate the results from [5, 6, 12] to particular SMHD current-vortex sheets which are close to a rectilinear discontinuity. Let us consider a piecewise constant solution
of system (25) associated with a rectilinear vortex sheet with the equation x 1 = 0. In [5, 6, 12] , without loss of generality a reference frame in whichv + 2 = −v − 2 and, in view of the physical sense of the deformation gradient, a scale of measurement for which F + 21 = − F − 21 and F + 22 = − F − 22 were chosen (here and below we translate the notations from [5, 6, 12] to ours). For SMHD, it seems it is impossible to change scale of measurement such that B + 2 = − B − 2 . This is why a rectilinear current-vortex sheet for which B + 2 = − B − 2 is a particular case. Using the formal analogy between SMHD and elastodynamics described above (in particular, we formally set F + 22 = 0), the results obtained in [5, 12] and the fact that for the chosen reference framev + 2 = [v 2 ]/2, we obtain the following necessary and sufficient linear stability condition for a rectilinear current-vortex sheet with B + 2 = − B − 2 :
For the particular case B + 2 = − B − 2 our sufficient linear stability condition (46) reads: |[v 2 ]| < 2| B + 2 |. That is, up to the transition point |[v 2 ]| = 2| B + 2 |, for which one has a weaker a priori estimate in [5] , our sufficient stability condition successfully covers one of the two "alternative" parts of the whole stability domain described by (48).
Moreover, referring to [12] for a final nonlinear existence result for vortex sheets and translating it to SMHD current-vortex sheets, we can conclude the existence of current-vortex sheets being a small perturbation of a rectilinear current-vortex sheet with B + 2 = − B − 2 , provided that It is natural that for the nonlinear result one needs strict inequalities in (49). At the same time, as is noted in [5, 6, 12] , the exceptional points like those in (50) have no physical meaning and appear due to certain requirements of the technique of Kreiss-type symmetrizers and the paradifferential calculus (an analogous nonphysical restriction appears in [26, 27] At last, we note that in this paper we do not describe mathematical details of the formulated linear and nonlinear stability/existence results like functional setting, regularity assumptions, compatibility conditions, etc. For such issues we refer the reader to the works cited above. In particular, here we do not describe how can one improve the structural stability result for SMHD current-vortex sheets (under the sufficient stability condition (47)) in the sense that instead of the usage of the anisotropic weighted Sobolev spaces H s * (as in [28, 30] ) we can derive a priori estimates for the linearized problem and formulate the final nonlinear result in the classical Sobolev spaces H s . We only note here that, as for current-vortex sheets in incompressible MHD [23] , this can be done by estimating missing normal derivatives through a current-vorticity-type linearized system. In fact, the analogous idea was used in [31] for the free boundary problem in compressible elastodynamics where the role of the current is played by ∇ × F j (j = 1, 2, 3), with F j being columns of the deformation gradient F ∈ M(3, 3).
